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Abstract 

We establish monotone bijections between subsequences of the Farey sequences and the half- 
sequences of Farey subsequences associated with elements of the Boolean lattices. 

£h ' 1- Introduction 

The Farey sequence of order n, denoted by T n , is the ascending sequence of irreducible 
fractions | e Q such that °<£<yandl<A:< n, see, e.g., [3, Chapter 27], [4, §3], 
[5, Chapter 4], [6, Chapter III], [11, Chapter 6], [12, Chapter 6], [13, Sequences A006842 



and A006843], [14, Chapter 5]. 

The Farey sequence of order n contains the subsequences 



O 

OO . 

© ■ J?:=(ier n : h<m) , 



^ , for integer m > 1, and the subsequences 

G™:= (I G T n : k-h<n-m) , (2) 

for m < n — 1, that inherit many familiar properties of the Farey sequences. In particular, 
if 7i > 1 and m > n — 1, then = jF n ; if n > 1 and m < 1, then Q™ = T n . 

The Farey subsequence was presented in [1], and some comments were given in [10, 
Remark 7.10]. 

Let M(n) denote the Boolean lattice of rank n > 1, whose operation of meet is denoted 
by A. If a is an element of B(n), of rank p(a) =: m such that < m < n, then the integers n 
and m determine the subsequence 



^(B(n),m) : = ( .^U) / : b E B W> > °) 

= (| G JF n : h < m, k — h <n — m) 



(3) 



2 



of J-'n, considered in [7, 8, 9, 10]. 
Notice that the map 

^(B(n), TO )-^(B(n),n-m) , [£] - J] • [J] , (4) 

is order-reversing and bijective, by analogy with the map 

which is order-reversing and bijective as well; here [£] 6 Z 2 is a vector presentation of 
the fraction f- 

We call the ascending sets 

F^(M(n),m) := (|ef(B(n),m) : £ < |) , 

and 

JT>l(B(n),m) := (| G^(B(n),m) : £ > |) . 
the /e/t and right halfsequences of the sequence jF(B(n), m) , respectively. 

This work is a sequel to note [7] which concerns the sequences T (B(2m) , m) . See [7] for 
more about Boolean lattices, Farey (sub) sequences and related combinatorial identities. 

The key observation is Theorem [3] which in particular asserts that there is a bijection 
between the sequence T™_ m and the left halfsequence of jF(B(n), m) , on the one hand; there 
is also a bijection between the sequence T"^ m and the right halfsequence of !F(M(n), m), on 
the other hand. 

Throughout the note, n and m mean integer numbers; n is always greater than one. 
The fractions of Farey (sub) sequences are indexed starting with zero. Terms 'precedes' and 
'succeeds' related to pairs of fractions always mean relations of immediate consecution. When 
we deal with a Farey subsequence J-"(M(n), rnj, we implicitly suppose < m < n. 



2. The Farey Subsequences JF™ and Q™ 

The connection between the sequences of the form (TTT) and (j2J) comes from their definitions: 



Lemma 1 The maps 

-m 

k " — ' IfeJ ^ I lJ " LfeJ ) 



frn nn-m h ^ k—h rfel , . T — 1 1 1 r^l 



and 



gm y jzn-m h ^ fc-fe f/il ^ [ -1 1 1 . [hi 



'n ^ n ' fc fc ' LfcJ L 1 J LfcJ ' 

are order-reversing and bijective, for any m, < m < n. 
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Following [2, §4.15], we let //(•) denote the Mobius function on positive integers. For 
an interval of positive integers [i, I] :— {j : i < j < 1} and for a positive integer h, let 

<KWD := |{j e M : gcd(M = i}l- 

We now describe several basic properties of the sequences which are dual, in view 
of Lemma [TJ to those of the sequences jF" _m , cf. [10, Remark 7.10]. 

Remark 2 Suppose < m < n. 

(i) InG™ = (g < gi < ■ ■ ■ < g\g™\-2 < 9\g™\-i)> we have 

„ _ _ _ 1 „ _ n-l _ _ 1 

9o - i , 9i- min{n _ m+ i in } > 9\<n?\-2 - — , 9\g™\-i - t • 

(ii) (a) The cardinality of the sequence Q™ equals 

1+ ^C 7 ' [ max { 1 >J + m _ 

J'e[l,n] 

= 1+ ^ 0(j ; [i,j]) + 0(i;b' + TO -^>Jl) 

jG[l,n— m+1] je[n—m+2,n] 



(b) //ftG^-®, then 

t= < ^(i;[ max { 1 >i + m_ri }) Li -9t\\) 

je[i,n] 

= Yl <t>(r,[l,\j-9t\])+ Y </>{r,\j + rn-n, [j ■ g t \}) 

j£[l,n—m+l] je[n—m+2,n] 



i + E^)-(L 2 T H J{LiJ-IL^ + 1 J' 

d>l \ 

- Y min{[^J,U-(l-^)j} 



je[i,Ln/dj] 

(hi) Let^eGZ, f <!<!■ 

(a) Let xq be the integer such that kxo = —1 (mod h) and m — h + 1 < xq < m. 
Define integers y and t* by y := ^s±l an d t* := [min { "-" fc +*°-w ; zlj/o jj . 
T/ie fraction precedes the fraction | m £?™. 

(b) Let fee t/ie integer such that kxo = 1 (mod /i) and to — /i + 1 < xo < to.. 
De/ine znte^ers y ared t* 6y y := ^ anrf r := L min { " > ?}] • 
T/ie fraction succeeds the fraction | m £7™. 
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iv a 



If Y~ < are two successive fractions of Q™ then 



kjhj+i — hjkj+i — 1 . 



(b) 



J kj k J+1 



< 



fcj+2 



are three successive fractions of G™ then 



rt j+i 
fej+i 



kj+kj+2 



cd(hj+h j+ 2,kj+kj +2 ) / gcd(hj+hj + 2,fcj+fcj+2) 



If t-. < < are three successive fractions of Q™ then the integers hj, kj, 



Kj+2 



hj +2 and L +2 are related in the following way: 



h j+2 



k 7 



j+2 



mm 



mm 



mm 



mm 



kj + 2+n kj + 2—hj + 2+n—m 
k j+1 ' kj +1 -hj +1 

kj + 2+n kj + 2—hj + 2+n—m 



hj + i — hj + 2 , 
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kj+l—hj+i 


kj- 


hj+n—m 




kj 






kj~ 


hj+n—m 








>\ 



kj + i — kj + 2 
hj+i - hj , 



(v) // 1 G Q™ , where n > 1, for some k > 1, then the fraction 



^min} "'" 1 ' 1 n-i i j | ^ preceaes ^, ana trie fraction ^ min n- m +i «+i j j ^ succeeds ^ in y ri 



3. The Farey Subsequence jF(B(n), m) 

Definition ([3]) implies that a Farey subsequence J-"(B(n),m) can be regarded as the intersec- 
tion 

f(B( B ),m)=^n^. 
Its halfsequences can be described with the help of the following statement: 

Theorem 3 Consider a Farey subsequence jF(B(n),m). The maps 

^(B(n),m) - ^T_ m , £ " **S . IS - [-i 21 ■ El > ( 6 ) 

^n m - m -^(B(n),m) , [J] [J], (7) 

^^(B(n),m) -> (?2m-n h^2h^k rhl _ [2 -11 . fhl 



and 



'2m-n 



'm ' fc h ' LfcJ Ll J LkJ ' 



^(B(n),m), 1^^., [a-[-°ii]'[a , (9) 
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are order-preserving and bijective. 
The maps 

^(B(n),ro)-0££», t-tf, [J] "[-A] 

and 

r m - m -^(B( n ), m ), [il-ISil-ISl > (ii) 

are order-reversing and bijective. 

Proof. For any integer h, 1 < h < m, we have 

|{f e^(B(n),m) : | < §}| = [2/i + 1, h + n - m\) 

= E ^HL^J-f) = E ^-(L^J-a) 

de[l,h]: d\h de[l,h}- d \ h 

= 4>{h; [h + l,n-m]) = \{j e T™- m '■ \<\}\ 

and see that the sequences J 7 -^ (B(n) , m) and T™_ m are of the same cardinality, but this 
conclusion also implies (B(n), m) I = \^F^ m \-, due to bijection The proof of the 
assertions concerning maps (jSJ), (ED, i fTUl) and ( ITT}) is completed by checking that, on the 
one hand, a fraction ^ precedes a fraction ^^j- in J~™_ m if and only if the fraction k h + h . 

precedes the fraction k , +1 in (B(n), m); on the other hand, a fraction ^ precedes a 

fraction p^j- in if and only if fc precedes fc k ^ h in (B(n), m) . The remaining 

assertions of the theorem now follow, thanks to Lemma [fl □ 

For example, 

• A 6-(,T<6 < 5 < 4 < 3 < 5 < 2 < 5 < 3 < 4 < 5 < 6 < TJ ' 
7T4_('0 < 1 < 1 < 1 < I < 2 < 1 < 3 < 2 < 3 < 4 < 1\ 

• r 6-ll < -6^5^4^3^5 < 2 < 5^3^4^5 ^ X) ' 

e 6 4 =(? <| <i<i<i<f<f<i<9, 

^(B(6),4) = (? <J <^<§<§<|<i <1), 

^6-4 = ?2 = (° < I < l) ' 

^■ 4 " 6 = ^= (:<§<§<!<! <*), 

^ 4 = ^2=(f <| <i), 

_T-2_ ('0 < 1 < 1 < 1 < 2 1\ 

Theorem [3] allows us to write down the formula 

I T (M.(n\ m\ I I f m I _i_ I T"~ m 1 I -r" m i n { m i rl— m } I I I •rmin{m,n— m} I i 

l-'V I J' /I ~~ Kn-ml r m I 1 ~~ |" r n-m | ~r Km | 1 > 



6 



for the number of elements of a sequence jF(B(n), m) , cf. [10, Proposition 7.3(ii)]. Recall that 
\Fq \ = 1 + Ed>i Hd) ■ ( |_§ J - 1 LdJ ) ' [I + X J ' for an y Fare y subsequence T v q with < p < q, 
see [10, Remark 7.10(ii)(b)]; notice that the well-known relation EdM^W ' \_d\ = ^' ^ or an y 



positive integer t, leads us to one more formula: \J^\ — | + Ed>i A*(^) ' |_§J ' (|_dJ 



Thus, we have 



|^(B(n),m)| = - + ]T 71(d)- 



min{m,ra— m} (\ n 



min{m,n— m} 
d 



d>l 



) 



_|_ _ _|_ ^ • min i m '"~ m } . J — 1 min{m,ra-m} ^ — 1 



or 



|.F(B(ra),m)| =2 + J^7Z(d)- 



d>l 



d>l 



min{m,?i— m} 



min{ra, n—m,} 



1 J). 



that is, 



|.F(B( 



n),m 



2 = E^)-^J-m • 



d>l 



In particular, for any positive integer t we have 



|.F(B(2t),t)| -2 = 2|JF t | -3 . 



d>i 



Proposition 4 Consider a Farey subsequence jF(B(n), m) . 

(i) Suppose m > |. TTie map 

j^5(B(n),m) ->^3(B(n),m) , 
«5 order-reversing and bijective. The map 
J r -5(B(n),m) ->^3(B(n),m) , 



fc 2fc-3/i 



/i , , A;— h 



2k-3h ' 



fc ' 



is order-preserving and injective. The map 

F- 1 * (B(n), m) -> J* 7 -^ (B(n), m) , £ ^ 
zs order-reversing and injective. 
(ii) Suppose m < |. TTie map 

^*(B(n),m) ->^3(B( n ), m ) , * 



[J] - [:!£]•[£] , (12) 



[-3 2~] • [fc] ' 



3h-k ' 



[fe] ^[5- i]-Kl , (is) 
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is order-reversing and bijective. The map 

^(M(n),m)^^(M(n),m) , f - fE§ , [fc] " [1 ll] • [J] , 

is order-preserving and injective. The map 

^(B(n),m)->^5(B(n),m) , J - , [£] ~ ["d 1 Jl * ft] > 
zs order-reversing and injective. 

Proof. To prove that map (fT2|) is order-reversing and bijective, notice that T™_ m = T n - 
and consider the composite map 



h T-1 (B(n),m) >F n -m h Fn-m ^ra-m fc_2h (B(n),m) fc_2/l 

fc fc— /i fc— h 2k— "ih 

Similarly, under the hypothesis of assertion (ii) we have G^ n ~ n = T m \ consider the composite 
map 

E E M >i 



k h h 3h—k 

to see that map ( fl3l) is order-reversing and bijective. 

The remaining assertions follow from the observation that map (j3J) is the order-reversing 
bijection. □ 

We conclude the note by listing a few pairs of fractions adjacent in jF(B(n), m) , see [8, 9] 
on such pairs within the sequences T (B(2m) , m) ; we find the neighbors of the images of 
several fractions of J- (M(n) , m) under bijections from Theorem [3j and we then reflect them 
back to T (M(n) , m) : 



Remark 5 Consider a Farey subsequence J 7 (M(n) , mj , with n/2 



m. 



(i) Suppose m > §. 

T/ie fraction 2 (n-m")-i P rece des \, and the fraction 2 ^m)+i succe -eds \. 

The fraction \^" m )^{\ precedes §; the fraction gggzgi^i^ succeed f. 

// we additionally have n — m > 1, then the fraction 



n—m-2 / 3(n-m)-4 



precedes \; the fraction 



2 


1, 2 


n—m—l 


/ 3(n— m) — 1 


2 


/ 2 


n—m 1 


3(n— m)— 2 


2 1 


2 ' 


n—m+l 


/ 3(n-m)+l 


2 


/ 2 



if n — m is even, 
if n — m is odd, 

if n — m is even, 
if n — m is odd, 



succeeds |. 
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(ii) Suppose m < |. 

The fraction 2 ™ +1 precedes \, and the fraction succeeds |. 

The fraction Q mm ^'^ n - m +i n I, precedes \; the fraction ' ' - - -' f|i / ! 



3mm{m,L ""^ +1 J}-2 

// we additionally have m > 1, then the fraction 



3 min{m, [ — 



i ,, , _ succeeds , . 



3m-2 




if m is even, 
if m is odd, 



precedes |, 



£/te fraction 



3m-4 




if m is even, 
if m is odd, 



succeeds |. 
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